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Abstract
This letter gives the calculation of a trigonometric R-matrix for the twisted
affine quantum group of type Df).

PACS numbers: 02.20.Uw, 02.30.1k

1. Introduction

This letter gives a new spectral decomposition of an R-matrix with spectral parameter. These
R-matrices give the Hamiltonian in one-dimensional spin chain models, the Boltzmann weights
in two dimensional solvable lattice models and the factorizable S-matrix in integrable quantum
field theory.

The construction of these R-matrices is given in [Jim85] and [Jim86]. Let U,(g) be the
quantum group associated with an affine Dynkin diagram, D. This quantum group is a Hopf
algebra defined by a finite presentation. The generators of this presentation are

{e,-,hi, f,ll (S S}

where S is the set of nodes of D.
Now choose anode i € S and let u be a parameter. Then, we have automorphisms, ¢ («),
of U, (g) with

¢(u):e; — uzei du): fi — u_zfi

and all other generators are unchanged. Now let V be a simple finite-dimensional U, (g)-
module and denote the associated representation by py: U,(g) — End(V). Denote by V (u)
the U, (g)-module associated with the representation py - ¢(u). Let V and W be simple
finite-dimensional U, (g)-modules; then the R-matrix, Ryw (), is determined by the Jimbo
relations

Ryw (@) - (pvwy ® pw) - Ala) = (pw ® pvw) - Aa) - Ryw(u) (1

forall a € U,(g) where A: U, (g) — U,(g) ® U,(g) is the coproduct.
Let U, (h) be the quantum group associated with a Dynkin diagram given by removing the
node i from D. Note that this is the quantum group for a semisimple Lie algebra. Then U, (h)
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is a subalgebra of U, (g) and this inclusion is a homomorphism of Hopf algebras. The U, (h)-
module obtained by restriction of the U, (g)-module V (1) is independent of u. Hence, the
R-matrix RV w (1) is an element of Endy, () (V ® W). This gives the following characterization
of the R-matrix. It is an element of Endy, ) (V ® W) which satisfies the Jimbo equations (1)
for a = e;, h;, f;. This means that if we are given the matrices representing the generators
of U, (g) then the problem of finding the R-matrix is reduced to solving a finite set of linear
equations.
The canonical decomposition of V @ W is

VW= ey My, U

where the sum is over a finite set of highest weight modules. Here, M‘I,JW is a vector space
whose dimension is the multiplicity of U in V @ W. Then the endomorphism algebra
Endy, ) (V ® W) is naturally isomorphic to

@y End (M)

and if we choose a basis of MY, then we can identify endomorphisms with matrices. The
general problem of giving an explicit description of an R-matrix then has two parts. The first
part is to choose a basis of M)}, for each U so that the endomorphism algebra can be identified
with a direct sum of matrix algebras. Using this identification, the R-matrix is a direct sum
of matrices and so the second part of the problem is to give these matrices explicitly. In the
opening paragraph, we loosely referred to this as the spectral decomposition of the R-matrix:
this does determine the actual spectral decomposition of the R-matrix.

One additional requirement for this choice of basis is that the braid matrices as given in
[GZ94] are diagonal.

The simplest situation occurs when all the vector spaces M)y, are one dimensional. In
this case, the endomorphism algebra has a canonical basis of orthogonal idempotents. The
R-matrix is a linear combination of these idempotents and the coefficients are given by the
tensor product graph (or TPG). The tensor product graph is given in [DGZ94, GZ02, Mac91,
ZGBI1].

The tensor product graph method has been used to find R-matrices for the twisted affine Lie
algebras A(zi) and D,(i)l in [DGZ96]. The tensor product graph method was further developed
and used to find R-matrices for the twisted affine Lie algebras A;i)_l and Eé2) in [GMWO6].

The only known spectral decompositions of R-matrices which cannot be obtained using
this method are rational R-matrices for the representation (g @ 1) of a simple Lie algebra g in
[CP91], and a universal R-matrices in [ZG94, BGZ95, ZG93, TK92].

There is a general method known as fusion of R-matrices (or the bootstrap procedure for
factorised S-matrices) which will produce further spectral decompositions of R-matrices from
a given one. Although there are applications of this method in the literature I am not aware of
any R-matrices which have been computed by this method but which cannot be found using
the tensor product graph method.

In this letter, we give an R-matrix with spectral parameter for the twisted affine Lie algebra
Df) . Our method is to take the eight-dimensional representation given explicitly in [JM99]
and then to solve the Jimbo relations directly using the computer algebra system Maple.

2. R-matrix

In this letter, we consider the case in which U, (g) is the quantum group associated with the

Dynkin diagram of type Df). The node we remove is the one usually labelled by O so that
the subalgebra U, () is the quantum group associated with the Dynkin diagram G,. Let Vg
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be the eight-dimensional module given in [JM99]. Then in this section we give the R-matrix
Ryy(u).

Consider Vg as a representation of U, (G;). The R-matrix commutes with the action of
U, (G>) so we first describe a basis of the endomorphism algebra Endy, g,)(Vs ® Vs) and then
we give the R-matrix with respect to this basis.

The representation Vg decomposes as V7 @ 1. The tensor product Vs @ Vi decomposes
as 3V; @ 2.1 @ Vigu @ Vay. Let my: Vg — Vi be the projection onto the trivial representation
and let 7 be the projection onto V5. Then, we get a decomposition of the identity of
Endy, 6,) (Vs ® V) into the four orthogonal idempotents 71 ® 71, 77 @ 71, 11 @ 77, 77 ® 77.
The first three of these are primitive idempotents and the idempotent 77 ® 77 has a canonical
decomposition into four orthogonal primitive idempotents since V7 ® V7 is a direct sum of four
distinct simple modules. Denote these by (177 ® 7)1, (717 ® 77)7, (717 @ 77)14, (777 @ 77)27.

Let {E;;:1 < i, j < n} be the basis of M, consisting of elementary matrices. Then, we
have a homomorphism M3 — Endy, (c,) (Vs ® V3) with Ey = 71 @ 77, Exp +> 77 ® 711 and
E3 = (17 ® 77)7.

Similarly, we have a homomorphism M, — Endy, G, (Vs ® V) with £y — 71 ® 7
and Ey > (17 ® 77)1.

Here, we use the notation

7aq7b

uqb® —u
q—q°!
which gives the usual g-integers whena = 0. If we take the limitg — 1 then [ax+b] — ax+b.
This is the limit that gives the rational R-matrices.
The coefficient of (717 ® 77)14 is [1 — x] and the coefficient of (77 ® 77)27 is [1 + x].
The 2 x 2 matrix is

[x+2] 1 An o
[3x +6] [x +3] \[2x][7)2E12 Ay

lax +b] =

where

A = [x1Bx+ 7]+ [x +3][3x + 2] + [2][3]%

Ay = [—x][=3x + 7]+ [—x + 3][—3x + 2] + [2][3] 8.

4]
The 3 x 3 matrix is given by
[3][2x+6] [4x+6] . [4) Lx]
] 23] [x] ([2;3] + [212) ar(B1=3)
X +
[4x+6] | [4] [3][2x+6] [x]
Bx+6] | X ([2;3] + W) i3] ar(B1=3)
2[8] 2(8]
L1312 (131 Bss

where
B3z =—[3x —3]—[x — 5]+ é(Z[x — 4] — [2x +2]).

Here, we have By; = B>, B13s = B3, B3; = B3y and Bj; = By,. These are equivalent to the
condition that this 3 x 3 matrix commutes with the permutation matrix which swaps the first
two basis vectors. Hence, this matrix preserves the subspace spanned by (1, —1, 0) and the
subspace spanned by (1, 1, 0) and (0, 0, 1). This is the basis used in [CP91]. The eigenvalue
of (1,—1,0) is [1 — x].

This R-matrix satisfies R(1) = 1 and the non-standard normalization R(u)R(u~') =
[T —x][1+x].
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This R-matrix is not uniquely determined but can be modified in three distinct ways each
of which introduces one parameter. First, the R-matrix can be multiplied by a scalar; next,
we can conjugate the 2 x 2 matrix by a diagonal matrix with determinant 1; finally, we can
conjugate the 3 x 3 matrix by a diagonal matrix with first two entries equal and determinant 1.
These last two modifications correspond to scaling the basis; a canonical choice can be made
by requiring that the R-matrix be symmetric but this involves introducing square roots.

If we multiply this R-matrix by

[3x + 6] e
2 [x+31(g—q )

then we get matrices whose entries are Laurent polynomials in # with coefficients which are
rational functions of g. The highest power of u with a non-zero coefficient is 4 and the lowest
is —4. Taking the coefficients of u* we get a solution to the braid relation. The eigenvalues
for the projections onto V4 and V57 are —¢® and ¢®, respectively, and the other two matrices
are

0 6 0
(55 (oo
0 ¢g°° 9
0 0 -1
Taking the coefficients of u~* corresponds to substituting ¢~ for ¢ and gives the inverse
matrices.

References

[BGZ95] Bracken A J, Gould M D and Yhang Z Z 1995 Quantised affine algebras and parameter-dependent
R-matrices Bull. Aust. Math. Soc. 51 177-94 (Preprint hep-th/9307008)
[CP91] Chari V and Pressley A 1991 Fundamental representations of Yangians and singularities of R-matrices
J. Reine Angew. Math. 417 87-128
[DGZ94] Delius G W, Gould M D and Zhang Y-Z 1994 On the construction of trigonometric solutions of the
Yang-Baxter equation Nucl. Phys. B 432 377-403 (Preprint hep-th/9405030)
[DGZ96] Delius G W, Gould M D and Zhang Y-Z 1996 Twisted quantum affine algebras and solutions to the
Yang-Baxter equation Internat. J. Mod. Phys. A 11 3415-37 (Preprint q-alg/9508012)
[GMW96] Gandenberger G M, MacKay N J and Watts G M T 1996 Twisted algebra R-matrices and S-matrices for
b,(,l) affine Toda solitons and their bound states Nucl. Phys. B 465 32949 (Preprint hep-th/9509007)
[GZ94] Gould M D and Zhang Y-Z 1994 Quantized affine Lie algebras and diagonalization of braid generators
Lett. Math. Phys. 30 267-77
[GZ02] Gould M D and Zhang Y-Z 2002 R-matrices and the tensor product graph method /nt. J. Mod. Phys. B
16 2145-51
[Jim85] Jimbo M 1985 A g-difference analogue of U(g) and the Yang—Baxter equation Lett. Math. Phys. 10
63-9
[Jim86] Jimbo M 1986 Quantum R-matrix for the generalized Toda system Commun. Math. Phys. 102 537-47
[JM99] Jing N and Misra K C 1999 Vertex operators for twisted quantum affine algebras Trans. Am. Math. Soc.
351 1663-90
[Mac91] MacKay N J 1991 Rational R-matrices in irreducible representations J. Phys. A: Math. Gen. 24 4017-26
[TK92] Tolstoi V N and Khoroshkin S M 1992 Universal R-matrix for quantized nontwisted affine Lie algebras
Funktsional. Anal. i Prilozhen. 26 85-8
[ZG93] Zhang Y-Z and Gould M D 1993 On universal R-matrix for quantized nontwisted rank 3 affine KM
algebras Lett. Math. Phys. 29 19-31
[ZG94] Zhang Y Z and Gould M D 1994 Quantum affine algebras and universal R-matrix with spectral parameter
Lett. Math. Phys. 31 101-10 (Preprint hep-th/9307007)
[ZGB91] Zhang R B, Gould M D and Bracken A J 1991 From representations of the braid group to solutions of
the Yang—Baxter equation Nucl. Phys. B 354 625-52



